Abstract. We investigate a connection between distance-regular graphs and U q (sl(2)), the quantum universal enveloping algebra of the Lie algebra sl(2). Let be a distance-regular graph with diameter d ≥ 3 and valency k ≥ 3, and assume is not isomorphic to the d-cube. Fix a vertex x of , and let T = T (x) denote the Terwilliger algebra of with respect to x. Fix any complex number q ∈ {0, 1, −1}. Then T is generated by certain matrices satisfying the defining relations of U q (sl(2)) if and only if is bipartite and 2-homogeneous.
Introduction
We investigate a connection between distance-regular graphs and U q (sl (2) ), the quantum universal enveloping algebra of the Lie algebra sl (2) . It is well-known that there is a "natural" sl(2) action on the d-cubes (see Proctor [9] or Go [4] ). Here we describe the distance-regular graphs with a similar natural U q (sl (2) ) action. We show that these graphs are precisely the bipartite distance-regular graphs which are 2-homogeneous in the sense of [7, 8] , excluding the d-cubes. To state this precisely, we recall some definitions.
Let U (sl (2) ) denote the unital associative C-algebra generated by X − , X + , and Z subject to the relations
U (sl (2) ) is called the universal enveloping algebra of sl (2) . For any complex number q satisfying
let U q (sl (2) ) denote the unital associative C-algebra generated by X − , X + , Y , and Y −1 subject to the relations
U q (sl (2) ) is called the quantum universal enveloping algebra of sl (2) . For more on U q (sl (2) ) and its relation to U (sl (2) ) see [5, 6] . Let = (X, R) denote a finite, undirected, connected graph without loops or multiple edges and having vertex set X , edge set R, distance function ∂, and diameter d. is said to be distance-regular whenever for all integers , i, j (0 ≤ , i, j ≤ d) there exists a scalar p i j such that for all x, y ∈ X with ∂(x, y) = , |{z ∈ X | ∂(x, z) = i, ∂(y, z) = j}| = p i j . Assume that is distance-regular. Set c 0 = 0, c i = p Let = (X, R) denote a bipartite distance-regular graph. is said to be 2-homogeneous whenever for all integers i (1 ≤ i ≤ d) there exists a scalar γ i such that for all x, y, z ∈ X with ∂(x, y) = i, ∂(x, z) = i, ∂(y, z) = 2, |{w ∈ X | ∂(x, w) = i − 1, ∂(y, w) = 1, ∂(z, w) = 1}| = γ i . may be 2-homogeneous despite the fact that some structure constant γ i is not uniquely determined: This occurs when there are no x, y, z ∈ X with ∂(x, y) = i, ∂(x, z) = i, ∂(y, z) = 2. It is known that γ d is not uniquely determined when is 2-homogeneous [8] . The d-cube is the graph with vertex set X = {0, 1}
d (the d-tuples with entries in {0, 1}) such that two vertices are adjacent if and only if they differ in precisely one coordinate. The d-cube is a 2-homogeneous bipartite distance-regular graph
. The 2-homogeneous bipartite distance-regular graphs have been studied in [3, 8, 11] .
Let Mat X (C) denote the C-algebra of matrices with rows and columns indexed by X . Let A ∈ Mat X (C) denote the adjacency matrix of . For the rest of this section fix
to be the diagonal matrix in Mat X (C) such that for all y ∈ X , E * i has (y, y)-entry equal to 1 if ∂(x, y) = i, and 0 otherwise. Let T = T (x) denote the subalgebra of Mat X (C) generated by A, E * [9] showed that if is isomorphic to the d-cube, then the matrices X − = L, X + = R, and
satisfy the relations of (1) (see also Go [4] ). We must slightly relax the form of these matrices to admit a U q (sl (2) ) structure. Specifically, we consider matrices of the form:
where 
The condition (i) of Theorem 1.1 means that the Terwilliger algebra T is a homomorphic image of U q (sl (2) ). The factor of appears in (ii) because the defining relations of U q (sl (2) ) are invariant under changing the signs of any two of X − , X + , and Y .
Background
Throughout this section, let = (X, R) denote a distance-regular graph with diameter d. Let Mat X (C) denote the C-algebra of matrices with rows and columns indexed by X . For
, define A i to be the matrix in Mat X (C) such that for all y, z ∈ X the (y, z)-entry of A i is 1 if ∂(y, z) = i and 0 otherwise. Observe that A 0 = I (the identity matrix), A := A 1 is the adjacency matrix of , and
The algebra M is called the Bose-Mesner algebra of . It is known that M is generated by A. See [1, 2] for more on distance-regular graphs and their Bose-Mesner algebras.
For the rest of this section fix 
Observe that p i j = 0 if one of , i, j is greater than the sum of the other two, and p ij = 0 if one of , i, j is equal to the sum of the other two. It follows that E *
Observe that E * 
In particular, (LRE *
Construction of U(sl(2)) and U q (sl(2)) structures
In this section, we construct a U (sl (2)) structure on the d-cubes and a U q (sl (2)) structure on the remaining 2-homogeneous bipartite distance-regular graphs. Throughout this section, let = (X, R) denote a distance-regular graph with diameter d ≥ 3 and valency k ≥ 3. Fix x ∈ X , and write 
generate T and satisfy (1).

Proof: Observe that
The relations Z L − L Z = 2L and Z R − R Z = −2R are easily verified using the definitions of L, R, and Z and the fact that
, and E * i , respectively. From (8) , (9) 
where
for all integers i. Suppose the above equivalent conditions hold. Then
(
Corollary 3.4 ([3, Corollary 36])
Suppose is bipartite and 2-homogeneous, but not isomorphic to the d-cube. Then any complex scalar q ∈ {0, 1, −1} satisfying (11) and (12) is real and
The set of q satisfying (14) is of the form {λ, λ
Lemma 3.5 Suppose is bipartite and 2-homogeneous but not isomorphic to the d-cube.
Let q ∈ {0, 1, −1} be any complex scalar such that (11) , (12) hold, and let e i (0 ≤ i ≤ d) be as in (12) . Then the matrices
generate T and satisfy (4) .
+ Y are easily verified using the definitions of X − , X + , and Y and the fact that 
The U (sl (2)) structure on the d-cube is very similar to the U q (sl (2)) structure on the remaining 2-homogeneous bipartite distance-regular graphs. In the sequel, we exploit this similarity to prove the following result and Theorem 1.1 simultaneously.
Theorem 3.6 Let = (X, R) denote a distance-regular graph with diameter d
and Z be of the form
for some complex scalars x
and Z generate T and satisfy (1). (ii) is isomorphic to the d-cube, and
As in Theorem 1.1, The condition (i) of Theorem 3.6 means that the Terwilliger algebra T is a homomorphic image of U (sl(2)).
Combinatorial structure
We show that the U (sl (2) ) and U q (sl(2)) structures of Lemmas 3.2 and 3.5 can only occur on a 2-homogeneous bipartite distance-regular graph. Specifically, we show the following. The hypotheses of this result are met by both Theorems 1.1(i) and 3.6(i). Throughout this section, we adopt the notation and assumptions of Theorem 4.1 as we prove this result in a series of lemmas. The first step in our proof of Theorem 4.1 is to show that a i = 0 (1 ≤ i ≤ d − 1). To do so, we consider certain matrices in the left ideal T E * 1 of T :
Proof:
Fix y, z ∈ X , and let r and s denote the (y, z)-entries of LK i and K i−1 , respectively. Observe that r = s = 0 unless y ∈ i−1 (x) and z ∈ 1 (x), so suppose y ∈ i−1 (x) and z ∈ 1 (x). Then
In all cases r = b i−1 s, so LK i = b i−1 K i−1 . The equations for RK i are proved similarly. The equations involving X − and X + follow since
Lemma 4.3 x
− i = 0 and x 
. Pick y, z ∈ X , and let r and s denote the (y, z)-entries of X + N i and N i+1 , respectively. Observe that r = s = 0 unless y ∈ i+1 (x) and z ∈ 1 (x), so suppose y ∈ i+1 (x) and z ∈ 1 (x). Then
Observe that r = s = 0 when ∂(y, z) = i, and r = x 
Now we may apply the relation
X − X + − X + X − = Z to N i−1 and solve to find X − N i ∈ span{N i−1 , K i−1 } since x
Proof: By Lemmas 4.2-4.5 and construction, U
We show that a d = 0 by showing that there is a unique vertex at distance d from x.
Lemma 4.7 Set s i = x
where β(y, z) and γ (y, z) are as in (8) . In particular, β(y, z) = 0 if and only if γ (y, z) = 0 for any distinct y, z ∈ i (x).
Proof: Fix i (0 ≤ i ≤ d). Apply the relation X
Computing the (y, z)-entry of (16) gives (17) 
be as in (8) 
Proof of Theorem 1.1
In this section we prove Theorems 1.1 and 3.6. We continue with the notation and assumptions of Theorem 4.1 throughout this section. We begin by considering the uniqueness of the U (sl (2)) and U q (sl (2)) structures. 
Applying the relation
and simplifying with Lemma 4.2 gives Proof:
, and by (10) ,
, and in this case
Thus by Lemma 5.1, there exists a scalar α such that 
, and by (15), e 
Comparing these formulas for z i , we find that α = 1 and β = 0. It follows from Lemma 5.2 that 
Combining these formulas, 
Remarks
The 2-homogeneous bipartite distance-regular graphs are essentially known. When γ = 2, (iii) is uniquely realized by the antipodal 2-cover of the Higman-Sims graph. No examples of (iii) with γ ≥ 3 are known.
We present some examples of distance-regular graphs related to U (sl (2) ) and U q (sl(2)) which do not satisfy hypotheses of Theorem 1. (4) . However, these matrices do not generate T . The 4-cycle is exceptional. In addition to the U (sl (2) ) structure of Theorem 3.6, the 4-cycle has the U q (sl (2) ) structure of Theorem 1.1 for any non-zero complex number q such that q 4 = 1. Let = (X, R) denote the Hamming graph H (d, n) , n ≥ 3. Fix x ∈ X , and write E * i = E * i (x) (0 ≤ i ≤ d) and T = T (x). By [10, p. 202] , X − = L, X + = R, and Z = LR − RL satisfy (1). However, these matrices do not generate T and Z ∈ M * . It is hoped that some further light will be shed upon the Q-polynomial distance-regular graphs through our work on the 2-homogeneous bipartite distance-regular graphs. Thus in a future paper we will relate the algebraic properties of T to those of U q (sl (2) ).
